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Estimation theory and gravity
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Abstract
It is shown that if the Euclidean path integral measure of a minimally coupled
free quantum scalar field on a classical metric background is interpreted as probability
of ’observing’ the field configuration given the background metric then the maximum
likelihood estimate of the metric satisfies Euclidean Einstein field equations with the
stress-energy tensor of the ’observed’ field as the source. In the case of a slowly varying
metric the maximum likelihood estimate is very close to its actual value. Then by virtue
of the asymptotic normality of the maximum likelihood estimate the fluctuations of the
metric are Gaussian and governed by the Fisher information bi-tensor. Cramer-Rao
bound can be interpreted as uncertainty relations between metric and stress-energy
tensor. A plausible prior distribution for the metric fluctuations in a Bayesian frame-
work is introduced. Using this distribution, we calculate the decoherence functional
acting on the field by integrating out the metric fluctuations around flat space. Our
approach can be interpreted as a formulation of Euclidean version of stochastic gravity
in the language of estimation theory.
1 Consistency of maximum likelihood estimator
and gravitational field equations
For simplicity, we consider a massive scalar field minimally coupled to the metric.
For we want to invoke the language of classical Bayesian statistics, it is convenient
to work in the Euclidean time formalism. Consider the Euclidean action for the free
scalar field φ of mass m on the background Riemannian metric g
Sg[φ] =
1
2
∫
d4x
√
g(gµν∂
µφ∂νφ+m2φ2) (1)
The conditional probability density of the field configuration φ given g is
p(φ|g) = e
−Sg[φ]
Zg
(2)
where Zg =
∫ Dφe−Sg[φ]. Note that this is not a physical probability distribution.
Nevertheless we follow the approach of [1] which used the above probability distribution
to characterize proximities of quantum field theories. We think that a configuration of
Euclidean field φ which could be ’observed’. We refer the reader to the last section on
a discussion about choosing measurement independent probability distributions.
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We assume that the fluctuations of the gravitational field is much smaller as com-
pared to the quantum fluctuations of the matter field: the radius of curvature is large
as compared to typical wavelength of the matter field. Therefore when one observes
the matter field, several observation points give knowledge about the same represen-
tative point for the metric field. In this way we can think that p(φ|g) represents a
large sample likelihood. As known from asymptotic statistics the maximum likelihood
estimator is consistent [2]. This means that as there are more points in the matter
field for each point in the metric (one can think of a lattice or simplicial discretization
so that one lattice point of the metric corresponds to many lattice points of matter,
or the metric is effectively constant throughout a large number of points). The result
of maximum likelihood inference must match with the actual value of the metric. The
actual value of the metric should satisfy Einstein-like (with possible higher curvature
terms) equations. Therefore consistency of the maximum likelihood should be equiva-
lent to the Euclidean-time version of Einstein equation whenever the large sample limit
can be taken. We will show that this is indeed the case below. Therefore define the
stress-energy tensor Tµν as
Tµν(x) = − 2√
g(x)
δSg[φ]
δgµν(x)
(3)
Define the effective action Wg for g as
e−Wg = Zg (4)
Suppose a particular Euclidean field configuration φ˜ is ’observed’. For maximum
likelihood estimation a sufficient statistic for φ˜ is
δSg [φ˜]
δgµν (x) as shown below. The maximum
likelihood estimate of g is given by
g˜ = argmaxg log p(φ˜|g) (5)
But
log p(φ˜|g) = −Sg[φ˜] +Wg (6)
Extremizing with respect to g one obtains
δWg
δgµν(x)
|g˜= δSg[φ˜]
δgµν(x)
|g˜ (7)
But
δWg
δgµν(x)
= − 1
Zg
δZg
δgµν (x)
=
∫
Dφ δSg[φ]
δgµν(x)
e−Sg[φ]
Zg
= 〈 δSg[φ]
δgµν(x)
〉 (8)
where 〈f〉 denotes the expectation of f over p(φ|g). Hence
〈Tµν〉 |g˜= Tµν |g˜,φ˜ (9)
Consider the Shannon entropy:
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H(p(φ|g)) = −
∫
Dφp(φ|g) log p(φ|g) (10)
Since p(φ|g) is Gaussian, H(p(φ|g)) is easy to evaluate. We follow the calculations
in[3] for the 1-loop contributions to the effective action.
H(p(φ|g)) = −1
2
log det(∆g +m
2) + const = −Wg + const (11)
where
∆g· = 1√
g
∂µ(
√
ggµν∂ν ·) (12)
is the Laplace-Beltrami operator associated with g. Then
H(p(φ|g) −H(p(φ|g0)) = 1
2
log
det∆g0
det∆g
=
1
2
tr(log∆g0 − log ∆g) (13)
where g = g0 + δg. For UV regularization, Schwinger time formalism is appropriate.
Use the identity
log(b/a) =
∫ ∞
0
ds
s
(e−as − e−bs) (14)
and UV cut-off s0 = k
−2 where k has the dimension of mass(inverse length) and k2
has the dimension of 1
GNewton
to express the entropy difference as
H(p(φ|g) −H(p(φ|g0)) = 1
2
∫
d4x
∫ ∞
k−2
ds
s
(e−s∆g − e−s∆g0 ) (15)
Consider the case that the space-time has no boundary, then one expands the heat
kernel e−s∆g as
e−s∆g =
√
g
(4pis)2
(b0(g) + b1(g)s + b2(g)s
2 +O(s3)) (16)
where the coefficients are expressed in terms of the curvature tensor: b0 = 1, b1 =
R
6 −m2 and b2 = 1720(RµνρσRµνρσ −RµνRµν + 30R2 − 6∆R)− m
2
6 R+
1
2m
4[4, 5]. The
entropy difference is then
H(p(φ|g) −H(p(φ|g0)) = 1
32pi2
∫
d4x[(
√
g −√g0)k
4
2
+(
√
gRg −√g0Rg0)
k2
6
+ (
√
gb2(g) −√g0b2(g0) log( k
2
m2
)] +O(
1
k
) (17)
One then renormalizes the entropy and get
Wg ∝
∫
d4x
√
g(R + αR2 + · · · ) (18)
Now if one varies Wg with respect ot g then one gets the left hand side of the
Euclidean Einstein equation with curvature squared terms. On the right hand side
there is the observed stress energy tensor. Therefore Einstein-like equation is the
consistency of the maximum likelihood estimator whenever the spatial variations in
the metric is much smaller in magnitude compared to the variation of the matter field.
3
2 Fluctuations and Fisher information kernel
The Fisher information at g0 is the 4 index object (bi-tensor) on the two copies of
the space-time manifold
Fµνρσ(g0)(x, y) =
∫
Dφp(φ|g)δ log p(φ|g)
δgµν(x)
δ log p(φ|g)
δgρσ(y)
|g0 (19)
F can be expressed in terms of the stress-energy tensor as follows. Compute
δ log p(φ|g)
δgµν(x)
= − δSg[φ]
δgµν(x)
− 1
Zg
δZg
δgµν(x)
(20)
where the expectation value 〈·〉 is taken with respect to p(φ|g). Hence
Fµνρσ(g0)(x, y) =
1
4
√
g0(x)
√
g0(y)〈(Tµν(x)− 〈Tµν(x)〉)(Tρσ(y)− 〈Tρσ(y)〉)〉|g0 (21)
One form of the energy-time uncertainty relation in non-relativistic quantum me-
chanics is
∆t2∆E2 ≥ pi
2
~
2
4
(22)
where ∆E2 =
√
〈H2〉 − 〈H〉2 is the variance of energy when the dynamics is generated
by the Hamiltonian H. In a space-time with metric gµν , ∆t = ∆g00 and ∆E = ∆T00.
Vectorize µν and ρσ indices as i and j, respectively in Fµνρσ(g0)(x, y) = Fij(g0)(x, y).
Cramer-Rao bound[6] provides a relativistic generalization of the uncertainty relation:
〈∆gi(x)∆gj(y)〉 ≥ [Fij(g0)(x, y)]−1 = 4√
g0(x)
√
g0(y)
[〈∆Ti(x)∆Tj(y)〉|g0 ]−1 (23)
where [·]−1 denotes the matrix inverse, ∆gµν(x) = gµν(x)− 〈gµν(x)〉 = gµν(x) − g0(x)
and ∆Tµν(x) = Tµν(x) − 〈Tµν(x)〉 assuming the estimator is unbiased. The Cramer-
Rao bound can be used to derive a weaker bound[7] for the components of ∆g. For
instance
〈∆g00(x)∆g00(y)〉 ≥ ([Fij(g0)(x, y)]−1)00 ≥ (Fij(g0)(x, y))00)−1
=
4√
g0(x)
√
g0(y)
[〈∆T00(x)∆T00(y)〉|g0 ]−1 (24)
Above equation looks very much like the standard energy-time uncertainty relation.
We elaborate on the the statistical interpretation of this uncertainty relation as follows
assuming that standard concepts of multi-dimensional estimation theory applies to our
case. We think gµν(x)(φ) as an estimator, say the maximum likelihood estimator: a
function of the random variable φ, the field configuration. If the estimator is efficient
(satisfies the Cramer-Rao bound), the uncertainty relation is satisfied by equality. If
the Fisher information is large (it diverges indeed), then the estimator has to be only
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asymptotically efficient (efficient as the number of samples go large). The inverse co-
variance of metric fluctuations around the true metric (this is the background metric) is
given by Fisher information where the estimator is assumed to be consistent (converges
to the true value with large Fisher information). There is a fixed background metric
which is to be estimated. However, it cannot be ’observed’ directly. The information
about the fluctuations of geometry comes from matter fields. Fisher information is the
fundamental limitation to the accuracy to which any observer can resolve the metric.
Therefore metric is fluctuating at the rate determined by the Fisher information at the
large sample limit. Similar uncertainty relations were obtained by [8].
3 Minimally informative prior
Given the conditional density p(φ|g), suppose we would like to know how we can
construct a prior distribution for the background metric g. The background met-
ric cannot be ’observed’ directly. Therefore in order to make predictions one must
marginalize p(φ, g) over g to get p(φ): if we regard g as the background field which
cannot be observed directly all the observable predictions of the theory is determined
by p(φ). The problem is then to find an objective prior p(g) given only the condi-
tional density (likelihood) p(φ|g). Above, the action for fluctuations is shown to be
determined by Fisher information. Then for metric fluctuations, p(g) is Guassian, cen-
tered on the estimate and with inverse covariance matrix of fluctuations given by the
Fisher information. In the asymptotic limit (large Fisher information) the Bayesian
procedure converges to a normal distribution with the above properties. This is the
Laplace-Bernstein-Von Mises-Le Cam theorem on asymptotic normality[2]. This holds
for finite dimensional problems with mild assumptions on the prior (it should have
non-zero probability around a neighbourhood of the true parameter). For infinite di-
mensional (non-parametric) problems which one faces in the case of field theory, this
issue should be more delicate. However, from now on assume that finite dimensional
asymptotic normality results apply to the space of metrics. A variational method exists
(which goes with the name ’reference prior’ in literature[9, 10]) which yields a prior
p(g) in the form that is sought by the form of the gravitational action. The variational
principle is to maximize the mutual information between g and φ:
p(g) = argmaxp(g)I(g, φ) (25)
We can interpret such a choice of prior as that the gravitational field reacts to the
matter field to maximize the information revealed in the matter field about it. The
dynamics of gravity is determined by maximizing the correlations between matter fields
and the the gravitational field. The matter fields enable an observer to get as much
information as possible about the background metric. Note that this choice of prior is
a realization of principle of indifference: one chooses the prior of least information if
at the end one acquires maximum information. The mutual information is a concave
function of p(g) (at least in the finite dimensional setting), therefore one expects a
unique maximum. However, it is in general hard to compute the maximum. There
is one exception. If the posterior distribution p(g|φ) is independent of φ, then the
maximization is straightforward. But one know from asymptotic normality that this
holds. So if the Fisher information is sufficiently large, p(g|φ) is independent of φ and
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one can compute p(g) with relative ease. To see this, write I(g, φ) in the following form
I(g, φ) =
∫
Dgp(g) log e
∫
Dφp(φ|g) log p(g|φ)
p(g)
(26)
Define f(g) = e
∫
Dφp(φ|g) log p(g|φ). If p(g|φ) is independent of φ, then f(g) doesn’t
depend on p(g). In this case, the extremum of I(g, φ) occurs when p(g) ∝ f(g). To
calculate f(g) one needs the posterior. Asymptotic normality tells that
p(g|φ) ∝ e− b2
∫
d4x
∫
d4y
∫
Fµνρσ(g0)(x,y)(gµν (x)−gˆµν(x)(φ))(gρσ (y)−gˆρσ(y)(φ)) (27)
where b is some constant, g0 is the true background metric and gˆµν(x)(φ) is a consistent
estimate of gµν given the observed configuration φ (converges to g0 in probability
p(φ|g)). Here, gˆµν(x)(φ) can be the maximum likelihood estimate. Using this it follows
that
p(g) ∝ e− b2
∫
d4x
∫
d4y
∫
Fµνρσ(g0)(x,y)〈(gµν (x)−gˆµν(x)(φ))(gρσ (y)−gˆρσ(y)(φ))〉p(φ|g) (28)
where 〈·〉p(φ|g) denotes the expectation taken with respect to p(φ|g). In the asymptotic
limit one can let gˆµν(x)(φ) = g0, hence the above p(g) has the form p(g) ∝ e−S[g], with
S[g] the gravitational action for the fluctuations:
p(g) ∝ e− b2
∫
d4x
∫
d4y
∫
Fµνρσ(g0)(x,y)(gµν (x)−g
µν
0 (x))(g
ρσ(y)−gρσ0 (y)) (29)
4 Decoherence functional in flat space
We would like integrate out the metric fluctuations to calculate the Euclidean deco-
herence functional acting on the field. To do this consider fluctuations hµν around
the Euclidean space with metric δµν . The total metric has the form gµν = δµν + hµν .
Expanding Sg[φ] to first order in hµν we obtain
Sg[φ] =
1
2
∫
d4x(∂µφ∂µφ+m
2φ2)+
1
2
∫
d4xhµν [∂
µφ∂νφ+
1
2
δµν∂σφ∂σφ+m
2φ2δµν ]+O(h2)
(30)
To get the effective action for the field, we formally (not paying attention to gauge
redundancies in hµν) integrate out the Gaussian metric fluctuations using eq. 29 :
e−Seff[φ] =
∫
Dgp(g)e
−Sg [φ]
Zg
∝ e− 12
∫
d4x(∂µφ∂µφ+m2φ2)+
1
4b
∫
d4x
∫
d4yF−1µνρσ(x,y)A
µν(φ(x))Aρσ(φ(y)) (31)
where Aµν(φ(x)) = [∂µφ∂νφ + 12δ
µν∂σφ∂σφ + m
2φ2δµν ]. Note that we omitted the
contributions from Zg supposing that the fluctuations in the metric dominate over the
quadratic terms that appear in the expansion of Zg in powers of hµν . We see that
Seff[φ] can be written as the sum of the action of the scalar field in Euclidean space
S0[φ] and a non-local decoherence term Sd[φ] quartic in fields:
Seff[φ] = S0[φ] + Sd[φ] (32)
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If the field is massless one can obtain an explicit expression for the Fisher informa-
tion bi-tensor using its relation to the stress energy tensor as given in eq. 21 [1, 11]:
Fµνρσ(x, y) = C
Iµνρσ(x− y)
|x− y|8 (33)
where Iµνρσ(x) =
1
2(Iµσ(x)Iνρ(x) + Iµρ(x)Iνσ(x))− 14δµνδσρ, Iµν(x) = δµν − 2xµxν|x|2 and
C is a constant. As in section 2 one can vectorize and invert Fµνρσ to get an explicit
expression for the decoherence functional but we do not pursue this calculation here.
The Euclidean decoherence functional obtained above is an inevitable consequence
of our inability to directly observe the gravitational field. When one takes into account
the fluctuations in the metric due to our lack of knowledge, averaging over the metric
fluctuations results in a decoherence term for the matter field. The decoherence due to
gravitational fluctuations is not a new idea and have been explored in the context of
spontaneous collapse models [12, 13, 14]. In principle in this paper we have a relativistic
version of Dio´si’s original argument that the origin of gravitational fluctuations which
induce collapse is the limitations to the measurability of the metric by quantum probes.
5 Scholia
In this paper we used the unphysical Euclidean measure as the conditional proba-
bility distribution. We used it to avoid the dependence of the probabilities on specific
measurements. However there are other objective probability distributions which do
not depend on particular measurements. For example in principle one can consider a
continuous measurement of the matter field and maximize a measure of information
about the metric such as the mutual information between the metric and matter field
over all continuous measurements. Incorporating continuous measurements into path
integral formalism can be found for instance in [15, 16]. Another way is to start from a
specific state of the matter field and make a measurement at a certain predetermined
time and maximize the classical Fisher information over all such measurements there-
fore obtaining the quantum Fisher information as the measure of fluctuations of the
metric. A more unconventional objective probability distribution can be constructed
via Nelson’s stochastic formulation of quantum mechanics [17, 18]. In this formulation
to each wave function evolution one associates a Markovian stochastic process in the
configuration space of the matter fields. The path measure of this stochastic process
can serve as the conditional probability.
We note that the measure for fluctuations derived above is the Euclidean version
of the action used for fluctuations in the context of stochastic gravity[19]. Stochastic
gravity is the the second order approximation to quantum field theory on a classical
stochastic Lorentzian background metric. The first order approximation gives the semi-
classical Einstein equations. The second order approximation which can be derived
via Feynman-Vernon influence functional techniques gives fluctuations of the classical
metric. Our construction therefore can be seen roughly as a formulation of Euclidean
time version of stochastic gravity in terms of the language of estimation theory. It
would be interesting to see whether the Lorentzian signature stochastic gravity can be
interpreted in the language of estimation theory too.
Derivations of Einstein equations from results in quantum field theory and sta-
tistical principles are well known[20, 21, 22]. For example Jacobson[20] showed that
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assuming area law for entropy, Unruh effect and the thermodynamic equation of state
one can derive the semi-classical Lorentzian Einstein equations. To compare we assume
quantum field theory on curved spacetime which would imply the area law and the Un-
ruh effect and instead of the thermodynamic equation of state we have the principle of
maximum likelihood estimation.
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